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1. Introduction 



VO ■ 1.1. Recall that a projective threefold X is a Q-Fano threefold if it 

has only terminal singularities and its anticanonical divisor —Kx is 
^ I ample. Here we assume also that X is Q-factorial and has rank 1, 

-<^ ' that is, Pic X ~ Z or equivalently, CI X (g) Q :ii Q. In this situation 

(-H ■ we define the Fano-Weil and Q-Fano index of X as follows: 

c3 ; qW(X) := max{g G Z | —Kx ~ g^, A is a Weil divisor}, 

qQ(X) := max{g G Z | — -ft'x ~q qA, A is a Weil divisor}, 

^ ■ where ~ (resp. ~q) is linear equivalence (resp. Q-linear equivalence). 

> '. Clearly, qW(X) divides qQ(X), and qW(X) = qQ(X) unless Kx + qA 

is a nontrivial torsion element of CIX. Another important invariant 
00 ! oi a. Fano variety X is its genus g(X) := dim |— -ft'xl — 1- 

O ■ It is known that 

g: (1.1.1) qQ(X)G{l,...,ll,13,17,19} 



(see |Suz04] . jProlOb[ Lemma 3.3]). Moreover, we have the following 
results. 



^1 1.2. Theorem ( |ProlOb] ). Let X be a Q-Fano threefold with q 



^' q(Q)(X) >9. T/ienClX~Z. 



(i) Ifq = 19, then X ~ P(3, 4, 5, 7) . 

(ii) Ifq= 17, then X ~ P(2, 3, 5, 7) . 
(iii) If q = 13 and g(X) > 4, then X ~ P(l, 3, 4, 5) . 
(iv) // g = 11 and g(X) > 10, then X ~ P(l, 2, 3, 5) . 

(v) q ^ 10. 

1.3. Theorem ( [ProlOc] ). Let X be a Q-Fano threefold and set q :- 
qQ(X) for its Q-Fano index. 
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(i) Ifq = 9 and g{X) > 4 then X ~ Xg C P(l, 2, 3, 4, 5) . 
(ii) If q = 8 and g{X) > 10 then X ~ Xg C P(l, 2, 3^, 5) or 

XioCP(l,2,3,5,7). 
(iii) Ifq = 7 and g{X) > 17 t/ien X ~ P(l2, 2, 3). 
(iv) Ifq = 6 andg{X) > 15 t/ien X ~ Xg C P(l2, 2, 3, 5). 
(v) Ifq = 5 and g(X) > 18 then X ~ P(l3,2) or 

X4CP(l2,22,3). 
(vi) Ifq = 4: and g(X) > 21 ^/len X ~ P^ or X4 C P(l^ 2, 3) . 
(vii) Ifq = 3 and g(X) > 20 then X ~ X2 C P^ or X3 C P(l^ 2). 

In this paper we study Q-Fano threefolds with qQ(X) = 2. 

1.4. Theorem ([B S07b] ). There are at most 1492 power series that 
are numerical candidates for the Hilbert series of a Q-Fano threefold 
with q = qQ(X) = qW(X) = 2. 

Our main result is the following. 

1.5. Theorem. Let X be a Q-Fano threefold of rank 1 such that 
qQ(X) = qW(X) = 2, and assume Kx is not Cartier. Let A be a 
Weil divisor on X such that —Kx = 2 A. 

Then dim \A\ < 4. Moreover, if dira \A\ = 4, then X belongs to the 
single irreducible family described in Section |3l 

1.5.1. Corollary. Let X be a Q-Fano threefold with qQ(X) = 
qW(X) = 2 and Kx not Cartier. Then g{X) < 16. 

1.5.2. Remark. Gorenstein Q-Fano threefolds X with qW(X) = 2 
are particular cases of so-called del Pezzo varieties |Fuj90| . The bound 
dim|y4| < 4 does not hold for them. More precisely, there are two 
further cases with dim |yl| = 5 and 6: 

(i) the complete intersection of two quadrics X = X2.2 C P^ 
(ii) X = X5 C P^ a smooth [ProlOal Cor. 5.3] section of the 
Grassmanian Gr(2, 5) C P^ by a subspace of codimension 3. 

1.6. Background. In the study of Q-Fanos, the two main methods 
are the biregular and birational approaches. The biregular methods 
work in terms of projective embedding by multiples of A, or more 
precisely, by the study of Gorenstein rings R{X,A). This is effective 
when this model has small codimension, especially when R{X, A) is 
a hypersurface or codimension 2 complete intersection etc. In con- 
trast, the birational methods are effective when the linear system \A\ 
is large, since then the canonical threshold is low, giving scope for im- 
posing noncanonical singularities on |A| and studying X birationally 
in terms of the resulting Sarkisov links, aiming for either a birational 
construction or nonexistence results. The main interest of this paper 
is that this is a point where the two methods meet. 
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A surface section F G |v4| of a Q-Fano threefold X of index 2 is a del 
Pezzo surface. In a small number of cases where F has the simplest 
quotient singularities such as |(2,2) or |(2,4), the paper |RS03] stud- 
ied such surfaces by means of projections from nonsingular points; this 
study foreshadows the constructions of our main example in Section |3l 
and hints at other possible examples; it would be interesting to study 
other cases of X with dim \A\ > 2. 

2. Preliminaries 

2.1. Notation. We work throughout over the complex numbers C 

CIX denotes the Weil divisor class group; 
P(ai, . . . , a„) is weighted projective space; 
Xd C P(ai, . . . , ttn) is a hypersurface of weight d. 

2.2. Construction |Ale94] . Let A4 he a mobile linear system with- 
out fixed components and c := ct(X, A^) the canonical threshold of 
{X, Ai). Thus the pair {X, cAi) is canonical but not terminal. Assume 
that —{Kx + cAi) is ample. Let /: X — )■ X be a {K + cA^)-crepant 
blowup in the Mori category so that X has only terminal Q-factorial 
singularities, p{X /X) = 1, and 

(2.2.1) Kj^ + cM = f*{Kx + cM). 

The exceptional locus i? C X is an irreducible divisor. As in |Ale94] . 
run a {K +cM)-MMP on X. We get the following diagram (a Sarkisov 
link of type I or II) 

X X 

// \7 



(2.2.2) 

X X 

where X and X have only Q-factorial terminal singularities, p(X) = 
p(X) = 2, / is a Mori extremal divisorial contraction, X ---> X a 
chain of log flips, and / a Mori extremal contraction, which is either a 
divisorial contraction to a Q-Fano 3-fold X or a Mori fibre space over 
a curve or surface X. In either case, p(X) = 1. 

In what follows, for a divisor or linear system D on X, we write D 
and D respectively for the birational transform of D on X and X. 

Assume that Kx + \.M + H ~q for some A > c and an effective 
Q-divisor S. We can write 

(2.2.3) K^ + XM + E + aEr^Q r{Kx + XM + E) ~q 0, 
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where a > is the log discrepancy of /. Note that if Kx + AA^ +S ~ 
then it is a Cartier divisor and XM. and S are integral Weil divisors, 
so that a is an integer. 

2.2.4. Assume that / is not birational. Then X is either a smooth 
rational curve or a del Pezzo surface with at worst Du Val singularities 
and p{X) = 1 |MP08j . We also have f{E) = X, because no multiple 
nE of the exceptional divisor E oi f moves on X. In this case we 
write F for a general fiber of /. Let G be an ample Weil divisor on X 
whose class generates CI X/ Tors. If X is a surface with K"^ = 1, we 
take 6 = —Kj^. 

2.2.5. For X a surface, one of the following holds: 

(i) -K^ -6 = 3, -K^ ~ 36, X ~ P^ ^^^ ^j^ |q| _ 2; 
(ii) -K^ -0 = 2, -K^ ~ 46, X ^ P(l, 1, 2) and dim |e| = 1; 
(iii) —Kj^ -0 = 1, —Kx ~ '^®' where d := K'j- < 6, and the 

minimal resolution of X is a blowup of P^ at 9 — o? points in 
almost general position. In this case, dim|0| < 1. Moreover, 
by Kawamata-Viehweg vanishing and orbifold Riemann-Roch 
|Rei87] , for an ample Weil divisor B ~q tO we have 

, 1^1 t(t + d) 
dim B < ^ — -^. 
' ' - 2d 

2.2.6. Assume that the contraction / is birational. In this case, X 
is a Q-Fano threefold and / contracts a unique exceptional divisor 
F. Write F G X and F := f{F) for its birational transform. Set 
g := qQ(X). For a divisor D on X, we put D := f\D. One sees 
that E ^ F (for otherwise X ---> X would be an isomorphism in 
codimension one). 

2.3. Computer search for Q-Fano threefolds. All Q-Fano three- 
folds lie in a finite number of algebraic families |Kaw92j . In fact, 
Kawamata's proof gives a method of listing all possible "candidate" 
Q-Fano threefolds, although the volume of computations makes a com- 
puter search appropriate. This method was used in jSuz04] . |BS07a] . 
|BS07bj . |Pro07j . [ProlObj . |ProlOcj . See [H] for the database of can- 
didates for the numerical types of graded rings. We now outline the 
algorithm, starting with a useful remark. 

2.3.1. Remark. The local Weil divisor class group of a threefold Q- 
factorial terminal point P G X is cyclic C1(X, P) ~ Z^, generated by 
the canonical divisor Kx |Kaw88t Lemma 5.1]. In particular, if X is 
a Q-Fano threefold X, its local Gorenstein index r at every terminal 
point is coprime to the Q-Fano index q = qW(X). 
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2.3.2. Let X be a Q-Fano threefold. For simplicity we assume that 
q := qQ(X) = qW(X) > 3 (the only case we need). Let A be a Weil 
divisor such that —Kx ~ qA and B(X) = {{rp,hp)} the basket of 
orbifold points of X |Rei87j . 

Step 1. We have the equality 

-irx-C2(X) + V^;^^ = 24, 

where —Kx ■ ci{X) > |Kaw92] . Hence there is only a finite (but 
huge) number of possibilities for the basket B(X) and —Kx ■ C2{X). 
Let r := lcm({rp}) be the Gorenstein index of X. 

Step 2. fITXT]) says that g G {3, . . . , 11, 13, 17, 19}. Remark [2XT] 
implies that gcd(g, r) = 1, which eliminates some possibilities. 

Step 3. In each case we compute A^ by the formula 



^3^ 12 / _^^ 

(g-l)(g-2)l 12 



PeB / 



(see |Suz04j ). where cp is the correction term in the orbifold Riemann- 
Roch formula |Rei87] . The number rA^ must be an integer |Suz04 
Lemma 1.2]. 

Step 4. Next, the Bogomolov-Miyaoka inequality (see |Kaw92] ) 
implies that 

{4:q''-3q)A^<-AKx-C2{X) 

|Suzn4l Prop. 2.2]. 

Step 5. Finally, by the Kawamata-Viehweg vanishing theorem we 
have x{tA) = h'^{tA) = for —q < t < 0. We check this condition by 
using orbifold Riemann-Roch |Rei87j . 

See jB"*"! for lists. 

3. An example 

3.1. Overview. This section treats the exceptional family of Q-Fano 
threefolds X mentioned in Theorem II. 5 [ More precisely, it gives two 
independent constructions of two families of index 2 Fano 3-folds X 
and Y, each having a single orbifold point of type |(1, 2, 2), and sat- 
isfying 

-K^ = |, dim \-^Kx\ = 4, and - iT^ = |, dim |-|is:y | = 3. 

For a general nonsingular point P & X, there is a birational pro- 
jection ipp: X --^ Y' that blows P up to a plane in P^ C Y'. Here 
Y' is a special member of the family of Y, obtained by imposing a 
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plane P^ on Y' . This projection X ---> Y' is analogous to the familiar 
"internal" projections between del Pezzo varieties ipp: Vd ---> Vd-i- 

Later in this section, we use this to give our second construction 
of X by unprojection from Y\ written as a 5 x 5 Pfafiian variety 
specialised to contain P^ by a Jerry format [BKRlOj . An interesting 
point is that there is also a Tom construction, but that it gives rise to 
a Q-Fano threefold of Picard rank 2. 

At the same time, X and Y have Sarkisov links X ---»■ Q C P^ and 
Y --^ P3 initiated by the Kawamata blowup |CPR00l 3.4.2] of their 
respective |(1,2, 2) orbifold points. The aforementioned birational 
maps all fit together into a commutative diagram 



P eX 

I 



Q3P 



(s.i.i: 



T ]7rp 



i3 



where ttp : Q --^ P^ is the usual linear projection from P of the smooth 
quadric Q C P"^. 

3.2. Construction of Q ---> X and P^ ---> Y . Our first construction 
of X and Y works via the inverse map Q --■> X and P^ ---> Y. 
Both of these blow up a curve T d Q (resp. P C P^) where P is a 
rational quintic curve having (in general) a triple point with distinct 
tangent directions. In (13.1.11) . the blown up curve P is the same up 
to isomorphism in the two cases. In either case, P C 5* is contained 
in a quadric cone S = Tq^p^^ fl Q (the tangent plane at Pq G Q) resp. 
S C Pi We identify S with P(l, 1, 2)(„,,„2,^), and P C P(l, 1, 2) is the 
quintic curve given by vas{ui, U2) + h^{ui, U2) = 0. 

Since the two constructions are very similar, and our second con- 
struction gives Y directly, we concentrate on the case Q ---> X. More 
precisely, we prove the following. 

3.3. Theorem. There exists a Sarkisov link 

Q 

(3.3.1) f^ \^ 

Q X 

where Q G ¥^ is the smooth quadric, and f and f are extremal di- 
visorial contractions in the Mori category with respective exceptional 
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divisors F, S G Q. The endpoint X is a Q-Fano threefold with 

CIX ~ Z, qQ(X) =2, A^ = 10/3, dim \A\ = 4, g(X) = 14; 

having as its only singularity a terminal cyclic quotient point of type 
i(l,l,2) at P3 = f{S). The map f is the Kawamata blowup of P3, 
with exceptional divisor S ~ P(l,l,2). The contraction f maps S 
isomorphically to the section S = Qr\Tp^^^Q of Q by the tangent hyper- 
section at a point Pq; it blows up a rational quintic curve T G S as 
specified below. 

3.4. Notation. Let S = Q (1 Tp^^Q be a singular hyperplane section 
of Q, a quadratic cone with vertex Pq e S. We identify S with the 
weighted projective plane P(l, 1, 2) with homogeneous coordinates mi, 
U2, V. Let r C S* be an irreducible quintic curve given by the equation 
t>a3(Mi,U2) + h^{ui,U2) = 0, where a^ and 65 are homogeneous poly- 
nomials of the indicated degrees with no common factor. One sees that 
r is smooth outside P and has a triple point at P with (in general) 
three linearly independent tangent branches. 

We first construct the birational extraction /. According to |KM92t 
Th. 4.9] such an extraction, if it exists, is unique up to isomorphism 
over Q. 

3.5. Proposition. In the above notation there exists a divisorial ex- 
traction f '■ Q -^ Q in the Mori category whose exceptional divisor F 
is contracted to T. The only singular point P G Q is a terminal cyclic 
quotient point of type |(1, 1, 1) and the divisor —Kq is ample, that is, 
Q is a Q-Fano 3-fold. 

Proof. Let a: Q — )■ Q he the blowup of P. The proper transform 
S* C Q of S* is isomorphic to the Hirzebruch surface F2. The proper 
transform F C S" of F is a smooth rational curve F ~ S + 5T, where 
S and T are the negative section and fiber of F2. Denote S* := a*S 
and let D be the a-exceptional divisor. Then 

Since \S* — D\ is a free linear system, —Kq is ample, that is, Q is a 

Q-Fano threefold. By Kodaira vanishing H\Q, Oq{-Kq - S)) = 0. 
From the exact sequence 

^ Oq{-K^ -S)-^ Oq{-Kq) -^ 0^{-Kq) — > 

we get surjectivity of the restriction map 

H\Q, Oq{-K^)) -^ H\S, 0~,{-Kq)). 
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Note that 



-Kq\~s 



35*1^ 



m~s- 



3(S + 2T) -2S = S + 6T. 



This imphes that the hnear system 



-Kn\~s-T 



is free on S and F is 



a scheme theoretic intersection of members of \~Kq\. 

Now let a': Q' -> Q he the blowup of f and let F' C Q' be 
the a'-exceptional divisor. Let S' C Q' (resp. D' C Q') be the 
proper transform of S (resp. D) and let S** := o''*(S'*). Clearly, 
S" ^ S* ~ F2. Since F is a scheme-theoretic intersection of mem- 
bers of |— T^qI, the linear system |— i^Q/| = \(j'*{—Kq) — F'\ is base 

point free. In particular, —Kg/ is nef. For the normal bundle of F we 
have Ci(A/'p/q) = 2g{r) - 2 - Kq -f = 7. Hence, 

(3.5.1) - 7^5, = -Kf^ - 3i-K^) . f + ci(iVp ,.) = 26 



T/QJ 



and so —Kqi is big, that is, Q' is a weak Fano threefold. Since D -T = 
(S • F)^ = 3, there is a 2-secant (or tangent) line / C -D ~ P^ to F. For 
its proper transform /' C D' we have —Kqi ■ V = —Kq ■ I — F' ■ I' < 0. 
Since —Kqi is nef, —Kqi ■ I' = and /' generates an extremal ray R of 
the Mori cone NE(Q7Q). Clearly, Supp{R) C F' U D'. Since 

^2 . /}' = (a'*(-K,,) - F'? ■ a'*D = (-Kp,? ■ D 



{-KqiY ■ D' = {a'*{-KQ) - F'Y ■ a'*D = {-K^Y ■D-D-V = l, 

we have Supp(-R) 7^ D' . Similarly, Supp(i?) 7^ F' . Therefore, i? is a 
flopping extremal ray. Consider the corresponding flop x- Q' "-"*■ Q^ ■ 
We have p{Q^ /Q) = 2, Q~^ is nonsingular, and —Kq+ is nef. Running 
the MMP over Q gives the diagram 

Q' ^ g+ 



a 



¥> 



Q 



7/ ^ 



Q 

Here y? is a divisorial contraction. Since Q is smooth, Kq cannot be 
nef over Q. Therefore, / is also a divisorial extremal contraction. 

If (/9 contracts -F+, the proper transform of F', then Q and Q are 
isomorphic in codimension one over Q. Since p{Q/Q) = p{Q/Q) = 1, 
they must be isomorphic over Q. Then Q' and Q^ also must be be 
isomorphic over Q. On the other hand, F' is ample with respect to the 
flopping extremal ray R. Hence, its proper transform F^ must be anti- 
ample with respect to the corresponding extremal ray, a contradiction. 



Therefore, (p contracts D^ , the proper transform of D\ and / con- 
tracts F := ip{F^). Moreover, f{F) = T and P := iplD'^) is a point. 
Since F is not a locally complete intersection, the divisor Kq is not 
Cartier |Cut88] . By |Mor82] there is only one possibility: D^ ~ P^, 
Od+{F>~^) — Op2{—2), and P G Q is a cyclic quotient singularity of 
index 2. Finally, —Kq+ is nef. Since the (/^-exceptional divisor D~^ is 
contracted to a point and meets flopped curves, the divisor —Kq is 
ample. D 

3.5.2. Corollary. In the above notation the following holds. 
(i) -KQr^3TS-Fr^2TS + S; 
(ii) -K^ = 53/2; 

(iii) for the proper transform S G Q of S , the restriction f\^: S* — >■ 

S is an isomorphism and Sing(S') = Sing(Q) = {P}; 
(iv) Os{-Kq) ^ Op(i,i,2)(l), Os(S) ^ Op(i,i,2)(-3). 

Proof. Since outside of P the map / is just the blowup of F, we have 
By (13.5. ip we have 



-K'q. = -Kl, = 26, -^ = -Kl, + ^ = f . 



This proves (ii) 



Let /' C Q' be a flopping curve. We have 

(3.5.3) - Kq. ~ (y'\-KQ) -F' ^ S' + 2S** ~ 3^' + 4D' + 2F'. 

From this we get F' ■ I' > 0, S' ■ U = 0, and D' ■ V < 0. If I' f] S' y^ 0, 
then /' C S'. Hence /' = S, the negative section of S' ~ F2, and 
D' r\S' = 1'. On the other hand, 

-Kq, -D' -S' = -Kq ■D-S + cx'*D ■ F'2 = 1. 

The contradiction shows that 5" fl /' = 0, that is, x is an isomorphism 
near S' and so S~^ ~ S" ~ F2. Thus S~^ intersects D^ along a smooth 
rational curve, the negative section of S~^ ~ F2 and so S := ^{S~^) ~ 



P(l, 1,2), ip{D+) = Smg{S) = Sing(g). This proves (iii) 



By ( 13X3|) we have Os+{-Kq+) ~ Of.iT) and so Os{-Kq) ~ 
C^p(i, 1,2(1)- By (i) and because 0-g{f S) ~ 0p(i, 1,2(2) we have 



Os{S) ~ Cp(i,i,2(-3). This proves (iv) D 



3.5.4. Remark. If the polynomial 0^1(^1.^9) in l3.4] has distinct roots, 
we can make our construction more explicit. In this case the inter- 
section r n D consists of three points Pi, P2, P3 in general position 
on D ~ P^. Thus D' is a smooth del Pezzo surface of degree 6. For 
1 ^ "^ < J ^ 3, let lij be the line of Z) ~ F^ through points Pi and Pj, 
and set /^ • C D' for its proper transform. Let ruk := a'^^{Pk) fl D' . 
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Clearly, m^ is a — 1-curve on D' . Thus the six — 1-curves mi, V^ 21 ^^2, 
I2 3, ms, l[ 3, form a hexagon on D'. Moreover, they generate the Mori 
cone NE(Z}'). One sees that —Kqr ■ l[j = and —Kq/ ■ rrik = 1. 
This shows that the curves Z^ • generate a flopping extremal ray 
R C NE(Q'/(5). Since the normal bundle Ni{ /q/ has a subbundle 
Ni'../D' ^ C'pi(-l), we have Ni'^^/q, ~ Opi{-l) © Cpi(-l) |Rei83[ 
Remark 5.2]. Hence x is the simplest Atiyah-Kulikov flop along each 
I'^j. The restriction x\d' extends to a morphism x\d' '■ D' — > D^ which 
is a contraction of the —1-curves /' , IRei83l Remark 5.131. Hence 
£)+ r^ p2 g^j^^ |-]^g composition map P^ ~ D ---> D' — )■ D^ ^ P^ is just 
the classical Cremona quadratic involution. 



Proof of Theorem 13.31 By (iv) of Corollary 13.5.21 the curves in S gen- 
erate a ii'-negative extremal ray. Moreover, the divisor S satisfles 
the contractibility criterion |Kaw96j . Hence there is a Mori contrac- 



tion f : Q ^ X such that f{S) is a point of type |(1,1,2). By (i) 
qQ(X) = 2 and CIX ~ Z (because the class of S" is a primitive ele- 
ment of CIQ). Finally, 

1 _ 80 

6 ~ y 



-K^^ = -K^ + 



(3.9.1: 



and by the orbifold Riemann-Roch dim 1^41 = 4. D 

3.9. Second construction via unprojection. The codimension 3 

model Y C P(l, 1, 1, 1, 2, 2, ^)(xi,x2,x3,xi,yuy2,z) is given by the maximal 
Pfaffians of a general 5x5 skew matrix M of degrees 

/l 1 2 2\ 
1 2 2 
2 2 

V V 

see [CR02J and |BKR10j for conventions and background. As in 
|CR02j , this variety is a regular puUback from a weighted Grassmann 
variety wGr(2, 5), and the general y is a quasismooth Q-Fano three- 
fold with a single |(1,2, 2) point at Pz- Indeed, the three Pfaffians 
partners of m^^ = z are zxi = ■ ■ ■ for i = 1, 2, 3, so the point Pz E Y 
is the orbifold point ^{I,2,2)(^x4,yi,y2)- Smoothness outside Pz comes 
from Bertini's theorem or explicit computation. One reads the Hilbert 
series 
,_ _, 1 - 2t3 - 3t^ + 3t5 + 2t6 - tS) 

^ '' — ff ri _ fa) — 

liaG[l, 1,1,1, 2,2,3] V-^ '' / 

directly from the Pfaffian format. 
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The birational map Y' --■> X that we use to construct X contracts 
an unprojection divisor, the plane P^ C Y' . We impose P^ on Y' by 
speciahzing the entries of the matrix M, moving the general F to a 
special Y' containing D = P? ,^ ^ y The key point of [BKRIO] is that 
there are several different formats that arrange for Y' to contain D, 
and they lead to topologically different X. Our construction of X is 
a routine but interesting exercise in these techniques. 

The ideal of D is the complete intersection ideal Id = (x^, yi,y2,z). 
We construct Y' using Jerry45: we require the 7 entries in the 4th and 
5th column of M' to be in I^,- A simple case is 



(3.9.3) M' 



fxs -X2 yi ^2X4^ 

Xl 2/2 2/1 

^1X4 2/2 



where ni and ^2 are linear forms (for example, 77-2 = X4 — Xi and 
rii = X4 — Xx^ with A 7^ 1). The methods of |BKR10[ 6.1] give that 
Y' defined by the Pfafiians of M' is smooth except for the | orbifold 
point at Pz and ordinary nodes at 5 points of D. This constructs Y' 
containing D = P^, and hence its unprojections X. The map Y' ---> X 
blows up the ideal of D in Y' to make it a Cartier divisor (introducing 
flopping (—1, — l)-curves over the 5 nodes); this makes D into a copy 
of P^ with normal bundle 0{—l), which contracts to a smooth point 
of X. 

3.10. Diagram (I3.1.ip in equations. The existence of X is now es- 
tablished. However, it is interesting to expand on how the maps of 
03.1.ip come out in coordinates. As in l2.2l above. we start from the gen- 
eral rational quintic curve F C P'^ with a triple point. It is contained in 
the quadric cone S : {xix^ = x\); we identify S with P(l, l,2)(„j „2,«> 
by setting 

Xi = Ui, X2 = U1U2, X3 = U2, X4 = V. 

and take F : {va^lui, U2) + b^{ui, U2) = 0). Every term in 03 is divisible 
by Ml or M2, and every term in 65 is divisible by u^ or m|, so we write 

03 = Uim2 — U2mi and 65 = u\n2 — u\ni 

with mi, Hi linear in xi,X2-,x^. Then F C P^ has equations 

(3.10.1) Aa^ = 0, where N=h ^^ ^s^i + X4mA 

' \ \X2 X3 Xin2 + X4m2j 
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-X2 yi + fiuxl 


X4n2 + fi2lX 


Xl 1/2 + fJ'12xl 
XiUi + fli^xj 


yi + 1^22X1 
1/2 + f^23xl 



The rational map P'^ ---> Y adjoins 1/1,1/2,^ subject to the equations 
Pf M = with 

fxs 

(3.10.2) M = 

\ ' J 

where m-i = fiuXi + fJ,i2X2 + fJ-isXs and m2 = fi2iXi + ^122X2 + ^i2■iX■i■ 

Each entry of the last two columns of M is in lo = (0:4, 7/1,1/2,2), 
where D corresponds to the plane P^ C P^ given by a;4 = 0. Thus our 
description of Y' as the blowup of P^ along T G S, together with our 
choice of coordinates, puts it directly in Jerry 45 format, containing the 
plane X4 = 0, and with 5 nodes corresponding to the locus w = 65 = 
in S. 

In fl3.10.2p . the two Pfafiians without z give 1/1,1/2 as the solutions 
of 

(3.10.3) 

(with denominator X1X3 — x\) and the three Pfaffians involving z are 





A 



yi + /iiix| X4n2 + /U2ixf 

1/2 + ^-12X1 1/1 + 1X22X1 

x^rii + /ii3a;4 7/2 + (^23x1 



Compare the "Double Jerry" format of |BKR10l 9.2]. 

The unprojection Y' ---»• X is defined by adjoining x^ to the homo- 
geneous coordinate ring of Y' . The equations involving X5 are 



(3.10.4) xAy2\= f\N. 




There is also an equation for x^z that exists by the Kustin-Miller 
unprojection theorem, but we do not know any neat derivation of it. 
In the general setting, it is a "long equation" , with the right hand side 
having 144 terms |BKR10l 9.2]. In the "fairly typical" case f l3X3|) . a 
little game of syzygies gives that xi{x^z + nix^yi + n2Xiy2 + nin2X2X4) 
is in the ideal generated by the Pfaffians of M' and (13.10.41) . so that 
the x^z equation is 

(3.10.5) x^z + niXsyi + n2Xiy2 + 711712X2X4 = 0. 
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3.11. The Torrii case. In cases such as these, our experience is that 
there is usuaUy a different method of imposing the plane P?^^ ^^ ^ v on 
Y: namely Tomi requires that all the entries except those in Row 1 
are in the ideal Id = {x^, yi, y2, 2/3). The nonsingularity calculation of 
|BKR10j shows that a general Tomi matrix defines Y' that is quasi- 
smooth except for 4 nodes on P^. As before, its unprojection is a 
Q-Fano threefold X of index 2 with a single |(1,2,2) quotient sin- 
gularity and dim|A| = 4. However, one checks that it is a regular 
pullback of a weighted form of P^ x P^, and has Picard rank 2. The 
point is that one can use row and column operations to put the matrix 
in the normal form 

/xi X2 gi q2\ 
X4 yi 
1/2 

V -/ 

where X3 appears only in the quadratic terms qi,q2 (we omit the de- 
tails). The zeros imply that several of the Pfaffians are monomial 
equations, so X has rank > 1. 

The Pfaffians of Mq are the 2x2 minors of the 3x3 array 

/* Xi 

Mq= \x2 X4 

\qi yi 

and the unprojection just puts the unprojection variable X5 of degree 1 
in place of the *. The result is the Segre embedding of the product 
of two copies of the weighted projective plane P^(|, |, |). Taking a 
regular pullback by setting gi, ^2 to be forms of degree 2 in Xj, yj gives 
X. 

From the point of view of diagram (13.1. ip . the mechanism seems 
to be that the blowup of a general quintic curve in the quadric cone 
5* ':^ P(l, 1, 2) (a curve of genus 2) initiates a Sarkisov link to a gen- 
eral codimension 3 Pfaffian Y C P(l, 1, 1, 1, 2, 2, 3). The Jerry45 and 
specialization to Y' containing a plane P^ corresponds to F acquiring 
a triple point at the cone point of 5*, as discussed above. The Tomi 
specialization presumably corresponds to F breaking up as a line plus 
an elliptic quartic. 

4. On Fano threefolds of large Fano index 

4.1. Recall that a polarized variety is a pair (X, S) consisting of a 
projective algebraic variety X and an ample Cartier divisor S on X. 
The A- genus of (X, S) is defined as follows |Fuj90| : 

A{X, S) = dimX + S'^'"'^ - dimH\X, OxiS)). 

13 



It is known that A(X, 5*) > and polarized varieties of small A-genera 
are classified |Fuj90] . The following easy consequence of Fujita's clas- 
sification is very useful for us. 

4.2. Lemma. Let X he a Q-Fano threefold and S an ample Weil 
divisor on X such that dim 15*1 > 0, \S\ has no fixed components, and 
—Kx ~(ij AS' with A > 2. Assume that the pair {X, \S\) is terminal. 
Then one of the following holds: 

(i) X^P3^ A = 4, dim|S| =3; 

(ii) X^P3^ A = 2, dim|S| =9; 

(iii) X ^ X2 gF^ is a smooth quadric, A = 3, dim IS"! = 4; 
(iv) X is a del Pezzo threefold of degree 1 < d < 5, X = 2, 
dim \S\ = d + 1; 

(v) X ~ P(l3, 2), A = 5/2, dim \S\ = 6. 

Proof. Replace S with a general member of l^l. Since {X, \S\) is ter- 
minal, the surface S is smooth and contained in the smooth locus of X 
|Ale94i 1.22]. By the adjunction formula we have —Ks ~ (A — 1)S'|5. 
Hence S* is a (smooth) del Pezzo surface and (A — 1)^5''^ = Kg. Since 
H\X,Ox) = and H'{S,Os{S)) = for i > 0, by Riemann-Roch 
we have 

dimH\X,OxiS)) = dimH\S,OsiS)) + l = ^S^ + 2. 

Therefore, 

AiX,S) = 3 + S'--S'-2=l+ (1^3^ = 1 + ^I'^^^J . 
^ ' ' 2 2 2(A-1)2 

If 5 ~ P2, then OsjS) = 0^2(1), where 3 = (A - 1)/ > /. Then 
A{X,S) = and |Fuj90i Th. 5.10 and 5.15] gives cases (i) and (v). 
If 5 ~ Pi X F\ then Os{S) = 0^pi{k, fc), where k{X - 1) = 2. So, 
A = 2 or 3, A{X, S) = 0, and |Fuj90i Th. 5.10 and 5.15] gives cases (ii) 
or (iii). Finally, if S* 9^ P^, P^ x P^, then Kg is a primitive element of 
PicS". Hence A = 2 and A(X, S) = 1. Then we have case (iv) |Fuj90 



Ch. 1, §9]. D 

4.3. Lemma (cf. [ProlObl Th. 1.4 (vii)]). Let X be a Fano threefold 
with terminal singularities and with q := qQ(X) > 5. Let A be a Weil 
divisor such that —Kx ^^qA. //dim|yl| > 2, then X ~ P(l^,2). 

Proof. We first consider the case rank CI X = 1 and qQ(X) = qW(X) 
(in particular, X is a Q-Fano threefold and —Kx ~ qA). Running the 
computer search [2731 we get —Kx > 125/2. Then by jProOTj we have 
X~P(l3,2). 

Next consider the case CI X ~ Z^ with r > 1 (in particular, CI X is 
torsion free). We get a contradiction in this case. Run the MMP. At 
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the end we get a Q-Fano threefold with qQ(X) = q > 5 and dim \A\ > 
2, where -K^ ~ qA. By the above X ~ P(1^2) and dim|A| = 
dim|y4| = 2. Let P G X be the point of type |(1,1,1). Consider 
the final step g: X —^ X oi the MMP, a divisorial contraction, and let 
E G X he its exceptional divisor. There are the following possibilities: 

(a) g{E) = P. Then K^ -^ ^*^x + |^' ^ - P^ and Og{E) ~ 
Cp2(-2) |Kaw96j . Hence, O^i-K^) ^ Cp2(l). We get a 
contradiction because — -ft'jj is divisible by g > 5. 

(b) g{E) is either a smooth point or a curve. In this case 
g{E) (f_ Bs |A| = {P}. On the other hand, 5^ is a -ft'^-negative 
contraction, a contradiction. 

Finally assume that CIX has a torsion element ^ e CIX of or- 
der n > 2, defining a ^t„-cover vr: X' — )■ X that is etale in codi- 
mension 2. By the above, X' ~ P(l3,2). Since dimi7°(X', vrM) = 
dimi70(X, A) = 3, the action of /x„ on //^(x', vrM) = E'^{0^i^z^2){^)) 
is trivial. On the other hand, we can take independent sections 
X\,X2,X2, e ii/^°(Op(i3 2)(1)) as orbinates at the |(1, 1, l)-point P' G X'. 
This contradicts that the point {X\P')/^^ is terminal. D 

Similar to Lemma 14.31 one can prove the following. 

4.4. Lemma (cf. |Proinb[ Th. 1.4 (vi)]). Let X he a Fano threefold 
with terminal singularities and with q := qQ(X) > 7. Let A he a Weil 
divisor such that —Kx ~o qA. //dim 1^41 > 1, then X ~ P(l^, 2, 3). 

4.5. Proposition. Let X he a Q-Fano threefold and let q := qQ(X). 

Let Ai he a linear system on X such that dim A^ > 4 and —Kx ~ 
2A^ + S, where S is an effective Weil divisor, S 7^ 0. Then CIX ^ Z, 
the class of S generates C\X, q = 2n + 1 is odd, and M. ~ nH. 
Moreover, one of the following holds: 

(i) g=13, X ~P(1, 3,4,5); 

(ii) g = ll, X ~P(1, 2,3,5); 

(iii) g = 9, X^X6CP(1,2,3,4,5); 

(iv) q = 7, X^P(l2,2,3); 

(v)g = 5, X~X4CP(l2,22,3); 

(vi) g = 5, X~P(l3,2); 

(vii) g = 3, X ~ X2 C Pi 

Proof. By our assumption g > 3. If g > 9, then the assertion follows by 
|ProlOb| Prop. 3.6] and Theorem I L3f(I)| So we assume that 3 < g < 8. 
Let A be a Weil divisor such that —Kx^^qA and let n be the integer 
such that M. ~Q uA. If CI X is torsion free, we can run the computer 
search 12.31 We get g 7^ 4 and g(X) > 21. Then by Theorem 11.31 we 
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get one of cases (iv) - (vii) Thus from now on we assume that CI X 
contains a nontrivial torsion element. 

We may assume that Ai has no fixed components. If the pair 
{X,A4) is terminal, then X is as in (vi) or (vii) by Lemma [4.21 As- 
sume that the pair {X,A4) is not terminal. Apply construction 12. 21 to 
{X,M). We can write 

K^ + 2M + E + aEr^ r{Kx + 2A1 + S) ~ 0, 
where a G Z>o- Hence, 
(4.5.1) K^ + 2j4 + Z + a'E^{). 

First, we consider the case where / is not birational. Then we are 
in the situation of 12.2.41 In particular, X is either P^ or a del Pezzo 
surface as in 12.2.51 

Assume that Ai is /-horizontal. Restricting the relation (14.5. ip to 
a general fiber F of / we get 

-Kp ~Q 2M\p + S|;p + dE\p, 

where the divisors M\-p and E\-p are ample. This is possible only if 
F ~ P2, X ~ P\ Op{M) ~ Op{E) ~ Cp2(l), and a = I. From the 
exact sequence 

-^ Ox(M -F)^ Ox(M) -^ Op(M) -^ 

we get 

dim H%Oj^(M-F)) > dim H%Ox(M))- dim H%Op(M)) > 2. 

Thus A4 3 F + L, where L G |A^ — -F| is a moveable divisor. Hence 
there is a decomposition —Kx ~ 2F + 2L + 3. In particular, q > 5 
and F ~Q L ~Q A. This implies that / has no multiple fibers. So, the 
group CIX is torsion free. Since Oj^{E) ~ Cp2(l), the class of E is 
not divisible in CIX. Hence CIX is also torsion free, a contradiction. 
Therefore, Ai is /-vertical. Then Ai = f B, where i3 is a linear 
system of Weil divisors on X with dimi3 > 4. We use the notation 
of [2231 Let G = 7*9. We can write B^^tQ for some t G Z>o. Then 

-Kx ~Q 2tG + E + oE, 

so 8 > q > 2t + l and t < 3. If X ~ P\ we obviously have dim B < 2. 
Therefore, X is a surface. Now we use 12.2.51 

If t = 1, then diraB < 2, a contradiction. Consider the case t = 2. 
Then dimB > 4 only in the case X ~ P^. Then q > 5, G ~q A, 
and m = 2. Since dim |G| > 2, by Lemma [4.31 we have X ~ P(l^, 2). 
Consider the case t = 3. Then q > 7 and G ~q A. Since dimi5 > 4, 
we have either X ~ P^, X ~ P(l,l,2), or K'^ = 1. In either case 
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dim IG] > 1 (recall that if K"^ = 1, we take = —Kj^). By Lemma 
Saiweget X~P(l2^2,3). 

Now assume that / is birational. We have 

-K^ ^2M + E + aE, 

where dimA^ > dimA^. If {X,Ai) is not terminal, we can repeat the 
procedure 12.21 and continue. Thus we may assume that (X, A^) is as 
in (i) (vii) In particular, CI X is torsion free and S + aE ~ 0, where 
is the ample generator of CIX. So, S = 0, a = 1, and E' ~ 0. In 
particular, the class of -E is a primitive element of CI X ^ Z © Z. In 
this case, CIX is also torsion free. D 

5. Proof of Theorem 11.51 

5.1. Let X be a Q-Fano threefold such that —Kx ~ 2^4 for a primitive 
element A G CIX. Assume that Kx is not Cartier and dim 1^41 > 4. 
Apply Construction [2^2] with Ai := \A\ and H = 0. By Lemma 14.21 
the pair (X, A^) is not terminal. Hence in the notation of fl2.2.3p . the 
discrepancy a > 0. On the other hand, a is an integer. Therefore, 
a> 1. 

5.2. Lemma. The map f in f l2.2.2p is birational. 

Proof. Suppose that / is not birational. Let F be a general fiber of /. 
If Al is /-vertical, then A4 = f B, where S is a linear system on X 
whose class generates CI X/ Tors. But then dim Af = dim i3 < 2 by 
I2.2.5[ contradicting our assumption. 

Thus Al is /-horizontal. Then —Kj^ = 2M.\-p-\- aE\-p. This implies 
that F ~ P^, that is, / is a generically P^-bundle and Op{M) ~ 
Cp2(l). From the exact sequence 

-^ Ox(M -F)^ Ox(M) ^ 0^(M) -^ 

we get 

dimH°{Ox(M-F)) > 2. 

Therefore, Al 3 F + L, where F and L are moveable divisors. This 
contradicts qQ(X) = 2. D 

5.3. Thus / is birational. In this case, X is a Q-Fano and 
(5.3.1) -Kj^r^2M + aE with a > 0, dimA?>4. 

By Proposition 14. 51 the class of E is the ample generator of CIX ~ Z, 
g = 2n + 1, and Al C \nE\. Moreover, X belongs to one of the 
possibilities listed in Proposition 14.51 
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Assume first that g > 3. The case g = 3 will be considered in the 
next section. We make frequent use of the following easy observation. 

5^.2.^Remark. Assume that in the notation of l5.3l there is a member 
M G A^ such that M = Li + L2, where Li and L2 are effective ample 
Weil divisors. Then either Supp Li = E or Supp L2 = E. Indeed, we 
can write 

A7 ~o Li + L2 + 7F, 

where L, is the proper transform of Li and 7 > 0. Therefore, 

M ~ hx:'M ~Q /.x;'ii + hx:'L2 + ^r 

Since the class of A is a primitive element of CIX, we have either 
/,X;'Ii = or /,x*-'^2 = (and 7 = 0). 

5.3.3. Corollary. Assume that in the notation of 15.31 we have 
(\mv\nE\ = 4. Then for any partition n = Ui + n2, Ui E X either 
dim|ni£'| < or dim |n2-E'| < 0. 

Proof. In this case M. = \nE\ is a complete linear system. Hence, one 
can take Li G Inj-El. D 

We consider the cases of Proposition 14.51 separately. 



5.3.4. Cases (i) , (iii) and (v) , Then dim|nii^| = 4 and n is even. 
Apply Corollary 15.3.31 with ui = n2 = n/2. We get a contradiction 
because dim \niE\ > 0. 



5.3.5. Case \^ that is, X ~ P(l,2,3,5). Then n = 5 and 
dim|nii^| = 5. Thus Ai C |5ii^| is a subsystem of codimension 

< 1. Since dim2i?| = 1, we can take Li G \2E\ so that Li ^ 2E. 
Since dim|3-E'| = 2, there exists a one-dimensional family of divisors 
L2 G \3E\ such that Li + L2 G A^. So we may assume that L2 7^ 3E. 
By Remark 15.3.21 we get a contradiction. 

5.3.6. Case [(iv)| that is, X ~ P(l2,2,3). Then n = 3 and 
dim |n£'| = 6. Thus Ai C |3ii^| is a subsystem of codimension 

< 2. Since dim|i?| = 1, we can take Li G \E\ so that Li 7^ E. 
Since dim \2E\ = 3, there exists a one- dimensional family of divisors 
L2 G \2E\ such that Li + L2 E Ai. So we may assume that L2 7^ 2E. 
By Remark 15.3.21 we get a contradiction. 

5.3.7. Case [(vi)1, that is, X ~ P(l^ 2). Then n = 2 and dim \nE\ = 
6. Thus Ai C \2E\ is a subsystem of codimension < 2. 

Assume that f{F) is a curve. Then 

Kj^ = Tk^ + F, E = TE-iF. 
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Since any member of \E\ is smooth in codimension one, 7 < 1. More- 
over, since nE is not moveable for any n, we have 7 > 0. Hence, 

7 = 1. So, 

Kj^ + 5E + 4F = T{K^ + 5^) ~ 0. 

This imphes that —Kx is divisible by 4, a contradiction. 

Hence f{E) G X is a point, say P. If P G X is the points of index 
2, then / is the blowup of the maximal ideal |Kaw96] . In this case 
X has exactly two the extremal contractions: / and the P^-bundle 
induced by the projection P(l^,2) ---> P^. On the other hand, the 

second contraction must be birational, a contradiction. Hence P & X 
is a smooth point. 

Let C := \E\. Take a general member Li G C. Dimension count 
shows that there exists L2 G £ such that Li + L2 E Ai. li L2 y^ E, we 
get a contradiction by Remark 15. 3. 2[ Thus L2 = E for any choice of 
Li G C. Therefore, E + C C Ai and we can write Ai ^qC + E + 7F, 
where 7 > 0. Then 

^ Kx + 2M + E ^Q Kx + 2C + 3E + 27F. 

Note that the only base point of C is the point of index 2. Hence, 
£ ~Q / JC. Let £' C £ be the subsystem consisting of elements passing 
through P. Then we can write 

C' ~o /*£' -6F^qZ~6F, 6> 0. 
Therefore, 

~Q i^x + 2£ + 3E + 27F ~Q Kj^ + 2C' + 3E + 2{6 + -f)F. 
This gives us -Kx ~q 2£' + 2(5 + j)F which contradicts qQ(X) = 2. 

6. Proof of Theorem 11.51 (continued) 



6.1. In this section we consider the case (vii) that is, we assume that 
X = Q C P'* is a smooth quadric. Then A^ = |(9q(1)| is a complete 
linear system. In particular, Ai is base point free. Hence, Ai^qf At. 
We also have E E \Oq{1)\ and J(F) C E. 

6.2. Lemma. F := f{F) is a curve. 

Proof. Assume that f{F) is a point. Let A^' C 7W be the subsystem 
consisting of elements passing through f{F). Then we can write 

M' ^,J*M' -6F^.qM-6F, 6>0. 
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Therefore, 

~o T{K^ + 2M' + E) ~Q T{K^ + 2M + E)^^ 

r^QKx + 2M + E ~o Kx + 2M' + E + 25F. 
This gives us -Kx ~q 2M' + 25F which contradicts qQ(X) =2. D 

6.3. Lemma. ;E~P(1,1,2), Fa, or P^ x P^. 

Proo/. Clearly, E ~ P(l, 1, 2) or P^ x P^. In particular, the pair (X, S) 
is pit. Since K^ ~q / K^ + F and 5* is smooth at the generic point 
of r, we have 

(6.3.1) Kj^ + ^^T{K^ + S). 

Hence the pair (X, S) is pit and the divisor Kj^+ S is Cartier. By the 
adjunction, the surface S has at worst Du Val singularities. Moreover, 
K-g = f\^K^, that is, the restriction f^ is either an isomorphism or 

the minimal resolution of 5*. D 

6.4. Lemma. —K^ is nef. 

Proof. Recall that by our construction X has exactly two extremal 
rays. Denote them by Ri and R2- One of them, say Ri, is generated by 
nontrivial fibers of /. Let C be an extremal curve on X that generates 
i?2- Assume that —K^ is not nef. Then K^ ■ C > and C must be 
a flipped curve (because a divisorial contraction must be i^-negative 
in our situation). Since —Kj^ ~q S" + 2/ S, we have S ■ C < 0. In 
particular, C G S. Since C is a flipped curve, it cannot be moveable on 
5", that is, dim \C\ = 0. By Lemma [6.31 the only possibility is -E ~ F2 
and C is the negative section of F2. But in this case C is contracted 
by / to a point, that is, the class of C lies in i?i, a contradiction. D 

6.5. Lemma. Kj^ is not Cartier at some point of S. 

Proof. By 06.3. ip the divisor Kj^ is Cartier outside of S. Assume 
that Kj^ is Cartier near S. Since —K^ is nef, the map X --■> X 
is either an isomorphism or a flop. In both cases X has the same 
type of singularities as X, that is, K^ is Cartier. By the classification 
of extremal contractions of Gorenstein terminal treefolds [Cut88j the 
divisor 2Kx is Cartier. This contradicts the following remark. D 

6.5.1. Corollary. The singularities ofV are worse than locally com- 
plete intersection points. 

Proof. Indeed otherwise by |KM92| Prop. 4.10.1] the map / is the 
blowup of r and Kj^ is Cartier. D 
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6.5.2. Corollary. E ^ P(l, 1,2), the curve T is not a Cartier divisor 
on E, and T is singular at the vertex o/P(l, 1, 2). 

6.6. Lemma. degF = 5. 

Proof. Let C d E he a. general hyperplane section. Since —K^ is nef, 

< -Kx ■ C = -K^ ■C-{V-C)^ = Q- degF. 

Since F is not a Cartier divisor on E', its degree should be odd. If 
deg F 7^ 5, then F is either a line or a twisted cubic. In particular, it 
is smooth, a contradiction. D 

6.7. Thus deg F = 5 and F is singular. Then the curve F can be given, 
in some coordinate system xi, x\^X2 in S* ~ P(l, 1, 2), by the equation 
3^203 + 05, where (pk = <Pkixi,x[) is a homogeneous polynomial of 
degree k. So, P is a triple point of F and F has no singular points 
other than P. Thus F is as in Theorem 13.31 According to |KM92t 
Th. 4.9] the extraction f : X ^ Q = X is unique up to isomorphism 
over Q. Since p{X/Q) = 2, the Sarkisov link Q ^ X --">■ X -^ X is 
uniquely determined. This completes the proof of Theorem 13.31 
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